Ramanujan's formula for the number r 24 (n) of representations of a positive integer n as a sum of 24 squares asserts that 
τ (n)q n , q ∈ C, |q| < 1.
Notation
Let N, N 0 = N ∪ {0}, Z and C denote the sets of positive integers, nonnegative integers, integers and complex numbers, respectively. Throughout this paper, q denotes a complex variable with |q| < 1. We now define the functions that we need. For k ∈ N the infinite product E k is defined by Finally, if f (q) = n∈N0 f n q n , we define [f (q)] n := f n , n ∈ N 0 .
Introduction
Ramanujan's famous formula [15, p. 162] for the number r 24 (n) of representations of a positive integer n as a sum of 24 squares asserts that
where the sum of divisors function σ 11 (n) was defined in (0.9) and Ramanujan's tau function in (0.6). Ramanujan [13; 15, p. 153 ] conjectured and Mordell [10] proved that τ satisfies
for all positive integers n and all primes k, see also [6, p. 297] . Taking k = 2 in (1.2) we have
Using (1.4) in (1.1) we obtain Ramanujan's formula in the equivalent form
Multiplying both sides of (1.5) by q n , and summing over n ∈ N 0 , we obtain (as r 24 (0) = 1) Conversely, using (1.8), (0.10) and (1.7) in (1.9), and then equating coefficients of q n (n ∈ N), we recover Ramanujan's 24 squares theorem in the form (1.5). It is our aim in this paper to determine all identities like (1.9). In fact, for reasons that will be made clear in Sec. 2, we determine all identities of a slightly more general type than (1.9). We define
(so that ω(1) = ω(2) = 0, ω(3) = 1) and prove that there are precisely 28 identities of the type Table 1 .
We now begin our examination of the identities in Theorem 1.1. Each identity is identified by the number in the left-hand column of Table 1 . Identity 1 is precisely formula (1.9) and so is equivalent to Ramanujan's 24 squares formula. Thus the identities of Theorem 1.1 are analogues of Ramanujan's 24 squares formula. Theorem 1.1 shows that there are exactly 10 formulae like (1.9), namely those with C = 0, that is, identities 1, 5, 6, 13, 14, 15, 16, 23, 24, 28. 
we see that the mapping q → −q transforms the left-hand side of (1.11) as follows:
To determine the effect of q → −q on the right-hand side of (1.11), we must determine E 12 (−q), ∆(−q) and Ω(−q). Proposition 1.1.
Proof. (i) By (0.10) we have
(1.14)
The identity
is easily proved. Using (1.15) in (1.14), and appealing to (0.10), we obtain
Putting (1.16) into (1.14), we deduce
from which (i) follows.
(ii) From (1.7) and (1.4) we obtain = Ω(−q). This completes the proof of (iii).
From (1.13) and Proposition 1.1 we see that the identity (1.11) with parameters r, a 1 , a 2 , a 4 , A 1 , A 2 , A 4 , B 1 , B 2 , B 4 , C transforms under q → −q into the identity (1.11) with parameters
where 
This follows by mapping q → −q in ∆(q) = qE 24 1 and appealing to (1.12) and Proposition 1.1(ii). Identity 11 is
This follows by mapping q → −q in Ω(q) = q 3 E Thus we are left to consider the identities 1-5, 7-10 and 12. Of these 10 identities we find that two are known (identities 1 and 5) and the remaining eight are new (see Theorems 1.2-1.9).
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By considering the first few terms in the expansion of E 16 ∈ Z) in powers of q, it is easy to check that
Using this result, together with (0.4) and (0.5), it is easy to prove that
for 
for any integer t.
Identity 1.
As we have already mentioned this identity is formula (1.9). Equating the coefficients of q n (n ∈ N), we recover Ramanujan's 24 squares formula (1.5).
Identity 2.
Taking a 1 = −40, a 2 = 96, a 4 = −32 and t = 16 in (1.21), identity 2 becomes
Equating the coefficients of q n (n ∈ N) in (1.22), we obtain the following new result analogous to Ramanujan's 24 squares formula. Equating the coefficients of q n (n ∈ N, n ≥ 2) in (1.23), we obtain another new formula analogous to Ramanujan's 24 squares formula. 
Identity 4.
Equating the coefficients of q n (n ∈ N) in identity 4, we obtain the following new result. 
Equating the coefficients of q n (n ∈ N, n ≥ 3), we deduce
where t 24 (n − 3) denotes the number of representations of the nonnegative integer n − 3 as a sum of 24 triangular numbers. A general formula for the number t 2s (n) of representations of n as a sum of 2s triangular numbers was first given by Ramanujan 
Equating the coefficients of q n (n ∈ N, n ≥ 4), we obtain the following result.
Theorem 1.5. Let n ∈ N satisfy n ≥ 4. Then the number of representations of n−4 as a sum of 16 triangular numbers plus twice the sum of 8 triangular numbers is
r(n − 4 = 16 + 2(8 )) = 1 2830336 σ 11 (n) − 1 2830336 σ 11 (n/2) − 1 2830336 τ (n) − 259 353792 τ (n/2) − τ (n/4) − 1 16 ω(n).
Identity 8.
Equating the coefficients of q n (n ∈ N, n ≥ 2) in identity 8 gives the following result.
4 ] n = τ (n/2) + 256τ (n/4) + 16ω(n).
Identity 9.
Equating the coefficients of q n (n ∈ N) in identity 9, we obtain the following result.
Identity 10. Taking a 1 = −8, a 2 = 0, a 4 = 32 and t = 0 in (1.21), identity 10 becomes
Equating the coefficients of q n (n ∈ N, n ≥ 5), we obtain the following result.
Theorem 1.8. Let n ∈ N satisfy n ≥ 5. Then the number of representations of n−5 as a sum of 8 triangular numbers plus twice the sum of 16 triangular numbers is
r(n − 5 = 8 + 2(16 )) = 1 45285376 σ 11 (n) − 1 45285376 σ 11 (n/2) − 1 45285376 τ (n) − 259 5660672 τ (n/2) − 1 8 τ (n/4) − 1 256 ω(n).
Identity 12.
Equating the coefficients of q n (n ∈ N) in identity 12 gives the following result. We can now state Petersson's formula. 
if c is odd
if c is even. 
This kind of question was probably first addressed by Newman [11] .
if and only if
1)
2)
3)
4)
and
is a holomorphic modular form of weight 12 for Γ 0 (4) with trivial multiplier system.
From the infinite product representation of η(z) we see that η(z) is a nonzero holomorphic function on H . Thus g(z) is a holomorphic function on H (for any  a 1 , a 2 , a 4 ∈ Z) . By (2.2)-(2.4) we have for Γ 0 (4) with multiplier system ν g given by
Thus to complete the proof that g(z) belongs to M 12 (Γ 0 (4)) we have only to prove that
Now by (2.1) we have
as ν η is a 24th root of unity and by (2. so that (2.6) holds. This completes the proof that g(z) ∈ M 12 (Γ 0 (4)).
Conversely, suppose that a 1 , a 2 , a 4 ∈ Z are such that
We prove that (2.1)-(2. 
10)
11)
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For z ∈ H and k ∈ N we define the Eisenstein series ξ 2k (z) by
so that with q = e 2πiz we have
It is well known that ξ 2k (z) is a modular form of weight 2k for the full modular group Γ with trivial multiplier system if k ≥ 2 [9, p. 19] . Thus in particular we have
Theorem 2.4. A basis for the complex vector space
Proof. By the corollary to Proposition 4 in [8] we have dim(M 12 (Γ 0 (4))) = 7.
We have already noted that
and, by Theorem 2.2, we have
14)
The seven modular forms listed in (2.13) and (2.14) are linearly independent over C. Hence they form a basis for M 12 (Γ 0 (4)). Let r, a 1 , a 2 , a 4 be integers and A 1 , A 2 , A 4 , B 1 , B 2 , B 4 , C be rational numbers such that (1.11) holds. Set q = e 2πiz . and equating the coefficients of e 2πinz (n = 0, 1, 2, 3, 4, 5, 6), we obtain seven linear equations for the seven quantities A 1 , A 2 , . . . , C. From these we obtain the values of A 1 , A 2 , . . . , C given in Theorem 1.1.
